Purpose: This study aims to propose a physics-based method of reducing beam-hardening artifacts induced by high-attenuation materials such as metal stents or other metallic implants. Methods: The proposed approach consists of deriving a sinogram inconsistency formula representing the energy dependence of the attenuation coefficient of high-attenuation materials. This inconsistency formula more accurately represents the inconsistencies of the sinogram than that of a previously reported formula 6 (called the MAC-BC method). This is achieved by considering the properties of the high-attenuation materials, which include the materials' shapes and locations and their effects on the incident X-ray spectrum, including their attenuation coefficients. Results: Numerical simulation and phantom experiment demonstrate that the modeling error of MAC-BC method are nearly completely removed by means of the proposed method. Conclusion: The proposed method reduces beam-hardening artifacts arising from high-attenuation materials by relaxing the assumptions of the MAC-BC method. In doing so, it outperforms the original MAC-BC method. Further research is required to address other potential sources of metal artifacts, such as photon starvation, scattering, and noise.
INTRODUCTION
In computed tomography (CT), the presence of high-attenuation objects in the region being scanned usually generates severe inconsistencies in the sinogram owing to beam hardening, which is caused by the physical effects of the polychromatic X-ray beam and the detection principle of X-ray photons. Conventional reconstruction algorithms such as filtered back projection(FBP) 1 produce beam-hardening artifacts because the CT image is computed based on the maximization of fidelity (i.e., the Euclidean distance between the Radon transform of the image and the sinogram is minimized). This is essentially the computing of the inverse Radon transform of the orthogonal projection of the sinogram onto sinogram space, and the difference between the sinogram and the corresponding projection generates streaking and shading artifacts, 2 as shown in Fig. 1 . In order to reduce beam-hardening artifacts, researchers have proposed model-based statistical reconstruction algorithms, which consider the polychromatic nature of the incident X-ray beam. [3] [4] [5] These approaches require additional prior knowledge of the X-ray spectrum and the attenuation coefficients of the materials. A previous study 6 has proposed a beam-hardening correction formula, which accounts for the measurement nonlinearities arising from the energy dependence of the attenuation coefficients of metallic materials. The MAC-BC method determines the parameters of the beam-hardening formula in such a way that the formula optimally alleviates beamhardening artifacts in the CT image, and therefore, the approach does not require additional prior knowledge of the X-ray spectrum or the attenuation coefficients of the materials. While its results are very promising, some beam-hardening artifacts remain owing to the model's assumptions, for example, the use of a linear approximation for nonlinear variation in the attenuation coefficient.
This study constructs a model that relaxes the restrictive assumptions of the MAC-BC method. The model yields a formula representing the inconsistencies in the sinogram caused by beam hardening. The parameters in the proposed formula account for the nonlinear variation in the attenuation coefficients of high-attenuation objects as well as the X-ray source spectrum. The term that controls the perturbation of these parameters is also determined. We use both numerical simulation and experiment to investigate the validity of the proposed method.
METHOD
Let a cross-sectional slice to be scanned occupy a domain Ω, and let f E ðxÞ denote the distribution of the attenuation coefficient at position x 2 Ω and energy level E. Let us assume that Ω is decomposed into small pixels
can be expressed approximately as
where l X j represents the linear attenuation coefficient of the materials in the pixel X j and N the number of pixels in domain Ω. Here, v X j denotes the characteristic function, which is 1 in region X j and 0 otherwise. Considering a twodimensional parallel beam, we define the projection data (or sinogram) P f ðu; sÞ along rotation direction (cos φ, sin φ), φ 2 [0,2p) by
where g denotes the normalized X-ray spectrum of the incident X-ray beam 6 (i.e., ∫g(E)dE = 1) and R the Radon transform. 9 Upon treating pixel X j as a point x j (being the center of X j ), P f can be expressed as
Let P f j denote the X-ray transmission of the single pixel X j . For each X j , we can define the effective energy E Ã j such that
Here, E Ã j depends on the attenuation property of the polychromatic composition of X-ray beam, detection principle of Xray photons, and pixel size. Upon setting f j ¼ l X j ðE Ã j Þv X j , the FBP process yields
where R À1 represents the FBP operator. 1 The goal of beam-hardening-artifact reduction is to reconstruct the following target image f target from P f :
The beam-hardening artifacts induced by high-attenuation objects such as metallic objects lead to a serious inconsistency between P f and Rf target ¼ R N j¼1 P f j . It is known that FBP algorithm determines the image that minimizes the Euclidean distance between P f and the range space of the Radon transform (see Fig. 1 ). To be precise, for P f 2 L 2 ðð0; 2p Â RÞ,
Here, the quantity kRg À P f k L 2 ðð0;2pÂRÞ generates streaking and shading artifacts in R À1 ðP f Þ. Figure 1 illustrates beamhardening artifacts for an abdomen phantom containing four metallic objects (iron). In this simulation, the background materials except for four metallic objects were assumed to consist of tissues and P f was generated at 100 kVp with additive Poisson noise.
2.A. Characterization of mismatch due to beam hardening
In reference [6] , a representation formula for P f À Rf target was derived with the use of a linearized approximation for l with respect to E (i.e., lðEÞ % lðE 0 Þ þ ðE À E 0 Þ dl dE ðE 0 Þ). This paper incorporates a more physics-based analysis (starting with (1) and (5)) to derive the following inconsistency formula. Observation II.1 Let us assume that the inconsistency P f À Rf target is caused only by metal region D. Then for each (φ,s), there exists k u;s 2 R such that
Here, k u;s is determined by variation in the attenuation coefficients of the metal, distribution of the incident X-ray spectrum, and the geometry of D.
For simplicity of notations, let l denote the attenuation coefficient of the metal D, and let E Ã be the effective energy in (4) corresponding to the metal. It follows from (2) and (6) that the P f À Rf target can be expressed as
It is to be noted that for each small d > 0, there exists a depending only on d such that Z gðEÞe
For a better understanding, Fig. 2 illustrates the integrands on both sides in (10) with the l(E) value of iron for different values of d. Here, the corresponding a value was chosen to satisfy the relation (10), and g(E) was generated at a tube voltage of 100 kVp.
From (10) 
According to a previous study, 6 there exists, for each ðu; sÞ 2 ½0; 2pÞ Â R, h u;s 2 R that satisfies the following identity Z ½gðEÞ Àg h u;s ðEÞe
It follows from (9), (11), and (12) 
The beam-hardening factor introduced in reference [6] is ÀR À1 ½lnðf j;D Þ with j being a constant, where j can be viewed as a constant approximation to the function k(φ,s). 
Finally, the validity of the relation (16) in Observation II.2 is tested through a numerical simulation (see Fig. 3 ). In order to focus on the nonlinear behavior of (14) induced by metallic objects, we only consider the P f for f E ðxÞ ¼ lðEÞv D ðxÞ, for which the metal region D is given in Fig. 1 . For simplicity, we denote C D;j;s ðu; sÞ :¼ Àln½f j;D ðu; sÞ þ ln½f s;D ðu; sÞ:
As shown in the top left and middle panels in Here, the optimal pair (j,s) = (0.26,0.07) was chosen by solving the problem (18), which is explained later. The top right and the bottom four panels show the uncorrected image R À1 P f and corrected images R À1 ½P f À C D;j;s corresponding to (j,s) in the top left figure, respectively. As can be observed, the beam-hardening artifacts caused by P f À Rf target significantly are reduced when (j,s) = (0.26,0.07).
2.B. Correction method of beam-hardening artifact
In the previous section, we derived an explicit formula representing P f À Rf target in P f . According to the relation (16), P f À Rf target can be estimated by the geometry of D and two unknown parameters (j,s) associated with the geometry and energy dependency of metals and the incident X-ray spectrum.
First, D is segmented by means of the threshold method. Various detection techniques such as 10, 11 could be applied to segment D from R À1 P f . In order that R À1 C D;j;s alleviates the streaking artifacts from beam hardening in R À1 P f , we choose (j,s) that solves the following minimization problem: 6 arg min 
RESULTS
In this section, we discuss the numerical simulation and phantom experiment performed in the study to validate the proposed method. In the numerical simulation, P f in (12) was generated using the l value given in 12 and g for a tungsten anode at a tube voltage of 100 kVp. 13 The experiment was performed with the use of a 3D cone-beam CT with circular trajectory. The CT image was generated with a tube voltage of 100 kV and tube current of 5 mAs. Figure 4 compares the proposed method with the MAC-BC method for a jaw phantom containing metallic objects (iron). We generated beam-hardening effects after inserting simulated iron objects into the clinical CT image of the jaw. Following a previous study, 6 we computed the results of the MAC-BC method for the jaw phantom. As shown in Fig. 4 , both correction methods significantly reduce metal artifacts due to beam-hardening effects and improve the quality of the resulting CT image. In addition, both methods have the advantage that they retain anatomical information without introducing new streaking artifacts induced by inaccurate interpolation of P f .
14 On the other hand, the remaining artifacts due to the modeling error of MAC-BC method are nearly completely removed by means of the proposed method (see the red arrows in the corrected and difference images).
In order to estimate the error resulting from our method, we computed the normalized root mean square difference (NRMSD) 15 between the corrected image and target image outside of the metal region D. Here, the target image is obtained from (6) . Table I lists the NRMSD (%) of the MAC-BC method and the proposed method relative to the target image. The table entries indicate that the proposed method has a lower error than that of MAC-BC method. Figure 5 depicts our experiment with a skull phantom with three contrast media with saline dilution placed in three cylindrical containers. As shown in Fig. 5 , the proposed method more effectively reduces streaking artifacts between the cylindrical containers than the MAC-BC method. For a quantitative evaluation, we computed the mean absolute deviation (MAD) between the corrected image and reference image in the regions of interest (marked ROI1 and ROI2 in Fig. 5 ). Here, we assumed that the ROI1 and ROI2 were placed in air. From the results listed in Table II , we note that the proposed method exhibits a better performance than the MAC-BC method. There still remain some artifacts in the corrected image (Fig. (d) ). This is mainly due to the approximation error of (15) and noise and scattering effects and beam-hardening due to the presence of bone.
DISCUSSION AND CONCLUSION
In this study, we carefully analyzed the beam-hardening inconsistency arising from the presence of high-attenuation materials in the sinogram space. This inconsistency is expressed as an explicit function of the geometry (D) of the high-attenuation objects and a parameter depending on D and the properties of the CT scanner, including the polychromatic composition of the X-ray beam and the detection principle of X-ray photons. This function is greatly simplified by introducing two different parameters independent of the two axes of the sinogram space. The proposed method based on these two parameters is compared with a previous method that uses one parameter, and both methods have the advantage of retaining anatomical information without the introduction of new artifacts. However, the proposed method more effectively eliminates streaking and shading artifacts in the reconstructed image than the previous method.
Other potential sources causing metal artifacts are photon starvation, noise, and scattering effects, which are not considered in this study. Hence, further research in this direction is required to enhance the quality of CT images. Furthermore, to improve the usefulness of the proposed method in diagnosis, preoperative and presurgical assessments and various experiments with phantoms or patients are required. 
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